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Lecture 8: SGD with Variance Reduction

1 Review of Lecture 7: Introduction to stochastic
optimization

We begin by reviewing the Stochastic Gradient Descent (SGD).

1.1 Stochastic Optimization

Consider mingcga F'(x), where F(z):=E,[f(z;2)].

Algorithm: Stochastic Gradient Descent (SGD)

1: for k=1,2,... do

2:  Compute a stochastic gradient g that satisfies E,[gx] = VF (zy)
30 Tky1 = Tk — NYk-

4: end for

1.2 SGD v.s. GD

Method
SGD GD
convex (and smooth) | O (ﬁ) O (1)
strongly convex )
and smooth O (E) 0 (exp(—k:))

Table 1: Convergence rates for different optimization scenarios. [Rakhlin (2012]]

1.3 Iteration complexity of SGD

Denote 7. all the randomness from iteration 1 to K, i.e., i1,49, ..., 1.



Theorem 1. Let F(z) = E,[f(z;2)] : RY — R be a conver function. Consider the
update

Tit+1 = Tk — NGk,

where B, [gx] = VF (zr). Suppose x, = argmin F'(x) exists and the initial distance is
bounded, i.e., ||r1 — x«||o < D. Then,

K
lZEz [Fay) — F(x < ZEZ [llg&l12] +M
K = 1:K K 1:K 277K ?
where T = Zk | T

Caution!!! To be rigorous, we need to identify conditions such that the stochastic
gradient norm is bounded.

Lemma 1. E;, [Hgkﬂg] is an upper bound of the variance of the stochastic gradient.
Proof.

Var(ge) £ E;, [(9r — Ei, [g4])°]
(since E;, [gx] = VF(Ik))

=B, [llgxll2] — 2Es, [(g0, Eiy [96])] + IV F ()13
=Ei, [lgxll3] — 21V E (i) [I3 + IV (i) II3
< E;, [llgell2] -

1.4 SGD for non-convex problems

Theorem 2. Assume that the variance of the stochastic gradient V f(x; z) is at most
o for all z, i.e., E, [||[V f(z;2) — VF(2)|3] < 0. Suppose F(-) is L-smooth. Then,
SGD with the step size n < % has

2(F(x1) —

K

EF,
S B [IVF@IE] < ) Lo’K.
k=1

Proof. (Proof of the theorem) Starting from the smoothness, we have, given xy,
L
F(zp1) < Flag) + (VE (@), toe = 2r) + Sk = || (1)

- F(e) =V F (). 0 + o ol ®)



Take expectation over the randomness from 1 to k£ on both sides, we have

2
n“L
e P S )

MEa IVF@)A + 2B, o) (4)

< Eiy o [F(@0)] = nBay, [IIVF (i) 7] + TL( i IVE@p)FT+0%)  (5)

Eipo [ (1)) < Bip [F ()] — 0y, [((VF (2), gi)] +

- Eh:k [F(xkﬂ

< B [F(0)] - ;7 o IVE () 1+% g )
77 n’L o2
< Biyy [Fan)] = SBa [IVE () 7] + 50 (7)
It is noted that for (H), we used
Eip [llgel”) = Eipy [ B [llge ][] (8)
:Eilk 1 [ Zk[“gk||2|xk” (9)
< Eipus [IVE@R)IP] + 0% ], (10)

where the last inequality is by the assumption that the variance is bounded by 2.
For (B), we used < 1. For (@), we used that i is independent from .

Now take expectation over all the randomness on both sides of (@) and sum over
k=1to K,

K 77 202
Eiy e [F(2r41) — <-> E B IVE@)IP] +
k=1
O
Corollary 2.1. If & is selected uniformly at random from x1,...,xk, then we have

[IVFE >||}s¢2<F( %UV TR

\/F K1/A4

7flK



2 SGD with variance reduction (SVRG)

Figure 1: Progress of SGD (left) and GD (right) in practice

The variance of the stochastic gradient can be large. Thus, the question is how to

reduce the variance?

2.1 SGD with variance reduction (SVRG) Algorithm

zeRd

min F'(z), where F(x):= %ifz(x)
i=1

Algorithm: SGD with variance reduction (SVRG)

1: Set s = 1. Init v; = x;. Learning rate 7.

2: for stage s=1,2,...,5 do

3: for iteration k=1,2,..., K do
Randomly pick a sample i;, € [n].
Set gr = V fi, (xx)—V fi (vs) + VF(vg). (variance reduction)
Update z11 = xp — n9x.

end for

Update the snapshot vy, = %Zle Tr.
9: Set L1 = VUsy1
10: end for

2.2 Valid Stochastic Gradient

Let’s show that it is a valid stochastic gradient.

Lemma 2. (Unbiased Estimate)
Ei, [V fio(@k) = Vi, (vs) + VE(v,)] = VF(xy,).

4

(12)



Proof.
Ei, [V fi,(zk) = V fi (vs) + VF(v,)] = VF(x) — VF(vs) + VF(v) = VF(xy,).
L

Recall that E;, [H gk||§] is an upper bound of the variance of g, € R?. Let us analyze
the squared gradient norm E;, [||gx||3]-

Lemma 3. (Variance bound)
E,, [ll9ul2] < 4L (F(0) = F(z.)) +4L (F(v) - F(x.)) (13)

Before we begin the proof of Lemma B, we need to introduce two additional lemmas
as below:

Lemma 4. For any random variable Y € R,
2
E [y - E[N]E] =E[YI2] - (EIYI])" < E[IY3). (14)
Lemma 5. If each f; (-) is L-smooth convez, then
Ei, [IVfi.(2) = Vfi(2)|’] < 2L (F(x) - F(z.)) . (15)
Proof. We will proof Lemma B in Homework 3. O
Proof. (Proof of Lemma B)
Ei, [lgxl2] = i, [IV fir(2x) = V fi, (v5) + VE(v5)]12]
=B, [IVfi.(zx) = Vi (2.) + Vi, (@) = Vi (vs) + VF(vy)][2]

< 2E;, [IV fir (z1) — V fi, (2)]I3]

where the last inequality follows from ||a + b||3 < 2||a||3 + 2||b||3. Based on Lemma @,
we can further rewrite the second term in above inequality as

2;, [IV fiu () = Vfiu (0,) + VE ()]

= 9E;, ||| Vfi(5) = Vi) — (VF(@) — VE@®,)) |1

=y =)

< E,, ||V i () = Vi, (00)]I3

—
=|[Y[3




Therefore,

By using Lemma B, above equation could be further lead to

B, [gil?] < 4L (F(x) — F(x.)) + 4L (F(v,) — F(x.)) .

2.3 Convergence for each stage

Recall s € [S] is the index of a stage. Denote z; all the randomness (in the inner
iterations) at stage s.

Theorem 3. Suppose each f;(-) is L-smooth and p-strongly convez. Setting n = BLL
and K = 64%. Then, at each stage s,

w

E., [F(US-&-I) - F(CU*)] < 1 (F(US) - F(:L’*)) ) (16>
where x, € argmin, F(x).
Proof. By Theorem [, we have
K K
1 U 2 Fay) — F(a.)
— Y E, |F — F(x,)| < = E, . 1
2B [Pl = Fe] < g | 2 [laulf] | + =2 (17)

Recall the lemma of the variance bound, i.e., Lemma B, we have, given x; and v,

Ei,[llgell2] < AL (F(xx) = F(z.)) +4L (F(vs) = F(z.)) - (18)

Taking expectation over all the randomness at stage s on both sides of (IR) further,
we have

E..[lgell3) < B, AL (F(zy) = F(z.)) +4L (F(v,) = F(z.)| . (19)

Summing (I9) over all the inner iterations at stage s, we get

n K

el < 5 3 E [ (P = F)) + 4L (F@) - F)]) - (20)



Combining (C7) and (20), we have

(1= 200) 1o S [Flo - o) < (200 4+ ) (Fla) — Fe)) . (21)

k=1
Setting n = SLL and K = 64%, we have

E. [F(zx) - F(z.)] < %ZE% [F(ay) — Fla,)] < Z (F(e1) — F(z.)),  (22)

where the first inequality follows from Jensen’s inequality.

By the algorithm design, we have that z; is equal to the snapshot v, at each stage
s. Therefore, 3 (F(z1) — F(z.)) = 2 (F(vs) — F(z.)). Additionally, Zj is used to
initialize x; and the snapshot vs,1 in the next stage. Thus, E,, [F (k) — F (a:*)} =

E., [F(vss1) — F(z,)]. We can hence re-write (22) as

.. [Floun) = F(.)] <5 (F) ~ F(z.)

Thus, the above means that the expected gap is shrinking within a constant factor in

each stage.
O
3 Complexity Analysis
3.1 Iteration complexity of SVRG
To get an expected e-gap, the total number of stages is:
E... [F(US-H) - F(‘T*)}
= Z Pr(z15-1 =) E,, [F(Us+l) — F(z.)|216-1 = } (23)

= Euyy [ Eny [F0) = Fla)lzra] |-

According to Theorem B, we have

E.,. [F(Us+1> - F("’U*)}

IN

21:s [F(US> - F(m*)}

E
S
2) (F) - Pl

IN

3
4
€

IN



o S > 4log (F(”l)ZF(x*)) —0 <log (%))

. According to the above calculations, the total number of stochastic gradient com-

putations could be represented by

QXKXS:(’)(%log(%)). (24)

Total number of Full gradient computations is

s-oume (1)), )

Here, the cost of the full gradient computation = cost of n stochastic gradient com-
putation. Total number of (equivalent) stochastic gradient computations is

o <§10g (%)) +0 (nlog (%)) . (26)

3.2 SVRG v.s. GD
Therefore, we could obtain

runtime of SVRG

runtime of GD
_ # (equivalent) stochastic gradient computs. of SVRG

# (equivalent) stochastic gradient computs. of GD

(27)
Lets prove that the runtime of SVRG is generally smaller than runtime of GD, i.e.

L
runtime of SVRG (ﬁ + n) log (%)
- <l& <1
runtime of GD ﬁlog (1) xn

L
sn<(n—-1)—

I
S pu< L, asn — o0

which is always true. The proof is completed.

8



3.3 SVRG v.s. SGD

runtime of SVRG (ﬁ + ”) log (%)
runtime of SGD % x 1 ’

The condition for SVRG to be faster than SGD than SGD is when

L 1 1 L :
—Fn)lgl|l- )| <-|—+n| L .
1 € € I log

o=
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Figure 2: /5 - regularized logistic regression on CIFAR-10. [Johnson (2013}

Bibliographic notes

More information can be found in [Drusvyatskiy (2020)], [Vishnoi (2021)], [Rakhlin (2012)],
and [Johnson (2013)].
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