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Lecture 2: Gradient Flow and Convex Analysis I

1 Gradient Descent and Gradient Flow

A formal specification of the Gradient Descent (GD) algorithm follows.

Algorithm 1 GRADIENT DESCENT
Input: an initial point x¢9 € dom f and step size 7.
for k =1to K do
Xp41 ¢ X — NV [ (xk)
end for

Return xg1.

Remark: The parameter n is called the step size or learning rate.

In order to better understand gradient descent, let’s consider the curve that at
each instant proceeds in the direction of steepest descent of f. For this method, let’s
consider a function f : X — R, the method of gradient flow starts at some initial
point oy € X and seek to find the optimum of f by following the integral curve
defined by the following differential equations.

Definition 1. (Gradient Flow): Let f : R? — R be a smooth function. Gradient
flow is a smooth curve x : R — R? such that

dx(t)

T -Vf (X(t>)

1.1 Insights into the Algorithm

Gradient Flow is Gradient Descent as n — 0. Consider the update step

Xp41 = X — NV f(Xg),

then
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Consider applying Gradient Flow to miny,cgae f(x), that is
dx(t)

“ar =-Vf (X(t)) .
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<0.
Remarks:

o Thus, as long as Vf(x) # 0, the function is always decreasing. This means
gradient flow is always making progress as long as it is not stationary. This
does not necessarily imply that it finds the optimal point.

o We are using the differential equation of gradient flow as as a continuous analog
for the gradient descent update process. The gradient descent algorithm is used
to simulate the dynamics of gradient flow.

1.2 Gradient Dominant Condition

Definition 2. (Gradient Dominant or Polyak-Lojasiewicz (PL) Condition):
We say a function f : R? — R satisfies the “Gradient Dominance” condition if
vx € R?

V70918 = 20 (100 min ), for some 0.

We say that f is p-gradient dominant.



Definition 3. (Stationary Point): Given a differentiable function f such that
f:R* = R and x € R%, a stationary point is a point such that

Vf(x)=0¢cR"%.

Remark: For any function satisfying the P.L. condition, every stationary point is a
global optimum point.

Proof. By definition,

F(x) — min £(x) > 0.

X

For a stationary point x € R?,
Vix) =0=|[Vf(x);=0.

Thus, for any function f satisfying the P.LL condition with x as a stationary point,

ozm(ﬂw—mmﬂm)zmu>a
which is only true when equality holds, by squeeze theorem. Thus,
f(x) —min f(x) = 0 < x is a global optimum point.

X

Example 1: All strongly convex functions
Example 2: f(z) = 2? + 2sin®(z)

Remark: For simplicity, we can define f, := miny f(x). Thus, we can rewrite the
optimality gap as f(x;) — f..

Consequence: Suppose that f is additionally p-gradient dominant. Then, taking
the derivative of an optimality gap we get
d — [« d
(f(x) = f) — f (1) , as f, is a constant

dt dt
= —||Vf(x)l3 , by Gradient Flow (1)

< —2u ( f(x¢) — min f (x)> , since f is p-gradient dominant
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which implies that

o) =i 130 < e (o)~ min 1) )

for p-gradient dominant functions, where xg is the initial point.

Remark: As f(x;) — miny f(x) is the gap at t and f(xq) — miny f(x) is the initial
gap, the above inequality implies that the optimality gap decays exponentially with
time.

Why does (6) imply (7)? Let

5,5 = f(Xt) — f*
Then, inequality (6) can be expressed as
doy
— < =2u6
at = M
doy

& — < —2udt
Ot

Ot t
= d—(st S/ —2pudt
0

5o Ot
d 1
< In(d;) — In(dy) < —2ut , since %lnx =
Therefore,

%< exp(—2put)
do
& 6 < dpexp(—2ut)

Plugging back in, we get

Fo) = min £ < exp (=200)  flx) ~ i )

2 Convex Sets

Definition 4. (Convex Combination): A linear combination is called convez if
the coefficients of the variables are non-negative and sum to 1. In other words, given
any finite number of points x;,i € [1...n] in a real vector space, a conver combination
of these points has the form:

Q1T + aXa... + Ty,

where the coefficients «; satisfy o; > 0,Vi and > o; = 1.
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Definition 5. (Convex Set): A set C C R? is called convex if for any x,y € C
and any o € [0, 1], we have
ax+ (1 —a)y eC.

Here the above expression is defined as the Convexr combination of x and y.

x

Figure 1: Difference between convex and non convex set

Remark: Let x, = ax+ (1 —a)y. Observe that z,, is a parametrization of the points
of the line segment between x and y. We can see from the above figure that the point
z, always lies on the line formed between x and y. Hence, if z, lies inside the set
as in the left figure, the set is convex. Otherwise, if any point on the line formed
between x and y lies outside the set as in the right figure, then 3o € [0, 1] such that
Zq ¢ C and hence the set is non-convex.

3 Convex Functions

Definition 6. (Zero Order Characterization of Convex Functions): A func-
tion f : C' — R defined over a convex set C is called convex if, for any x,y € C' and
any a € [0, 1], the following inequality holds

flax+(1—a)y) <af(x)+(1—a)f(y).
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Figure 2: Zero Order Characterization



Remark: Let x, = ax + (1 — a)y be the parametrization of the points of the line
segment between x and y. Similarly, af(x) + (1 — «) f(y) is the parametrization of
the points on line segment between f(x) and f(y). The zero-order characterization
implies that a function is convex if the function value at any convex combination of
x and y is always less equal than the convex combination of the function values at x
and y, as can be seen in Figure B. In other words, the line segment connecting f(x)
and f(y) lies always above the function curve defined between x and y.

Definition 7. (First Order Characterization of Convexr Functions): A dif-
ferentiable function f : C' — R defined over a convex set C' is called conver tf and
only if, for any x,y € C

fly) =2 f(x) +(Vf(x),(y —x)).
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Figure 3: First Order Characterization

Remark: Observe that if we take a tangent at the point x, we get the line equation
f(x)+(Vf(x),(y—x)), for somey € C. The first-order characterization implies that
a function is convex, if the function always dominates its first order (linear) Taylor
approximation.

Definition 8. (Second Order Characterization of Conver Functions): A
twice-differentiable function f : C' — R defined over a convex set C is convex if and
only if, for any x € C, the Hessian matriz evaluated at X is positive semi-definite,
i.e.

V2f(x) = 0.



3.1 Examples of Convex Functions:

Example 1: Linear Functions

flax+ (1= a)y) =af(x)+(1—a)f(y)

A linear function is also a concave function, i.e.

flax+ (1 —a)y) >af(x)+ (1 —a)f(y).
Example 2: Quadratic Functions

1
f(x) = §XTAX —b"x, Apin(A) >0

Example 3: Negative Entropy

d
F(x) = sz log @;,
i=1

where x € Rio (i.e., each element x; of the vector x € R? satisfies z; > 0 for all
i€ [d]).
Example 4: Non-negative weighted sum of convex functions

f(X) = i&ifi(x), a; 2 O,VZ
=1

Example 5: Sum of squared loss

n

F(x) =)

i=1

)
Y — X 2

4 Strongly Convex Functions

DO | —

Definition 9. (Zero Order Characterization of j-Strongly Convex Func-
tions): A function f: C — R defined over a convez set C is p-strongly convex w.r.t.
a norm || - || if, for any x,y € C and any « € [0, 1] we have

J((1=a)x +ay) < (1-a)f(x) +af(y) = Sa(l - a)lly - x|,

for some p > 0.



Remark 1: We know that > 0, € [0,1], ]|y —x||* > 0,Vx,y € C. Hence, we have

(1 —a)f(x)+af(y) - ga(l —a)lly = x[|* < (1 = a)f(x) + af(y)-

Thus, when f is strongly convex we get

F(A—a)x+ay) <(1—a)f(x)+af(y)

Therefore, strongly convexity implies convexity.
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Figure 4: Zero Order Characterization

Remark 2: From the graph we can see that strong convexity just suggests that there
will always be a difference of at least £a(1 — )|y — x||? thus imposing a restriction
and hence ensuring strong convexity. This also implies regular convexity. When o« = 0
or « = 1 we get the intersection points and thus the u term will not impact the value.
However, for any value between them, there will always be at least a difference of
La(1 — a)|ly — x||>. This is why when we apply the same for a linear function, it
fails because a linear function adheres to the inequality of normal convexity. The
minimum gap is not followed by the linear function and hence a linear function is not
strongly convex.

Definition 10. (First Order Characterization of ji-Strongly Convex Func-
tions): A differentiable function f : C'— R defined over a convex set C is p-strongly
conver w.r.t. a norm ||-|| if and only if for any x,y € C we have

) 2 F6) + (V). y =) + Slly = x|

for some p > 0.



Figure 5: First Order Characterization

Remark: We have the line f(x)+ (Vf(x),y — x), hence at'y we for sure know that
fly) > f(x) + (Vf(x),y —x) but strong convexity is defined when there is an extra
amount of gap that is needed. That extra gap is at y and is equal to &||ly —x||*. This
implies an extra parameter that ensures that it always is convex. It ensures a strong
convezity for any p > 0.

Definition 11. (Second Order Characterization of n-Strongly Convex Func-
tions): A twice differentiable function f : C — R defined over a conver set C' is
p-strongly conver w.r.t. a norm || - || if and only if for any x € C' we have

y' V2 f(x)y > plyl?
for some > 0 and any y € R,
Remarks:

1. Here || -|| can be any norm and not restricted to lo norm. There are benefits of
using non-Euclidean norm that will be more apparent in the later lectures.

2. Using the I, norm, the second-order characterization implies that A, (V2 f(x)) >
> 0.

3. Any strongly convex function is also always convex but the inverse is generally
not true.

4. We generally use the second order characterization due to its relative ease in
use as well as computation.

Theorem 1. The u-strong convexity implies the p-Gradient Dominant condition, i.e.,
vx € RY,

1976013 2 20 (£ = min £ ) for some .
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4.1 Equivalency of the strong convexity characterizations

For any x € C CRY y € C CR? z € RY and any « € [0, 1], the three expressions
below are equivalent (assuming that f is twice continuously differentiable):

f(1—a)x+ay) <(1-a)f(x)+af(y) — ga(l —a)|ly —x||* (zero— order)

(3)

F) 2 F6) + (V)5 = x) + Slly = x| (first = order)
(4)
z' V2f(x)z > pl|z|? (C' is open) (second — order)

—~
Ot
~—

for some p > 0, while convexity is when p = 0.

4.2 Proof of equivalency of the strong convexity
4.2.1 First Order Definition — Zero Order Definition

Denote X, := x + a(y — x). Then,

F) 2 F(%a) +(V£(xa). ¥ = %a) + 51l = al?
= f(xa) + (1= a)(VF(xa),y = x) + 5(1 = a)?[ly — x|
and
F60) 2 F(6a) 4 (V f(3xa) % = xa) + 515 = xa
= f(%a) = a(VF(xa),y = %) + 5(1 = a)?ly — x|
Since a(1 — a)? + a?(1 — a) = a(1 — a), adding a o multiple of the first equation to

the 1 — a multiple of the second equation completes the proof.
4.2.2 Zero Order Definition — First Order Definition

Denote x, = x+a(y —x). From f (x,) < (1—a)f(x)+af(y) —5a(l—ao)|ly —x|[?,
we have

f(xa) = (1 = a)f(x) + §a(l — a)lly — x]”

fXa) = [(x)

fly) =2

= J () + 51— a)lly = x| +
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Let a — 0, then
fxa) - f(x) _ (V(X),y —%)
o} B 1
by the L’Hopital’s rule and the chain rule we get the following:

F(9) 2 ) + Glly = xI? + (VF(x),y = x)

4.2.3 Second Order Definition — First Order Definition

Denote x,, := x + a(y — x). We know that:

F(y) = F(x) + (VF(x),y — ) / / %)y — x)dadd.

Starting from
2" V2 f(x)2 > |2, Va € R

Now taking z :=y — x and x := x, we get

F(y) = F(x) + (VF(x),y — ) / / %) TV2 f(x)(y — x)dadd

> f(x) + (VF(x),y — %) + / / ully — z|Fdads
= 760+ (V0. 0+ [ wlly o
and since we know [ #df = L hence,
) 2 F69) +(VF(x).y =) + Sy = x|

4.2.4 First Order Definition — Second Order Definition

Denote x,, := x + az, and denote g(a) 1= f(Xq)-
Then, by chain rule, we have




and

" (0) = Z oo ()

=2 V2f(x.)z
Additionally,
vy o 9 (@) —g'(0)
oO=m e
= lim <vf(xa) — Vf(X), Z>
a—0 [0
— lim <Vf(xa) — Vf(X), Xo — X>
a—0 a?

We have that z = *2==%*_ We further lower-bound (V f(x,) =V f(x), X, —x) as follows:
By strong convexity:

f(xa) 2 f() + (VI (%), %0 = %) + 5 lIxa = I (6)
F(6) 2 [(xa) + (VS (%a).% = Xa) + 510 = ] (™)
Adding the above two, we get
(V%) = V), %0 — %) > pllxa — |2 = pa?|J2]%. (8)
Combining the last three inequalities, we get the following:
2"V ()2 > 2]

We can see that we proved all the possible pairs for the equivalencies.

Bibliographic notes

More prelimiaries of calculus and linear algebra can be found in Chapter 1 of [Drusvyatskiy (2020]],
Chapter 2 of [Vishnoi (2021)] and Chapter 3 and Chapter 4 of [Aaron Sidford (2024)].
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