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Lecture 6: Coordinate Descent (CD)

1 (Randomized) Coordinate Descent

1.1 Algorithm

Consider the general unconstrained optimization problem

min f (x).

x€R4

Recall the definition of the gradient:

Definition 1. Let f : R? — R be a differentiable function. Then, the function
Vi :RT = R? defined by

Vix) =" erd

is called the gradient of f at x.

Based on the previously described concept of the gradient, we are now able to present
a detailed formulation of the (Randomized) Coordinate Descent algorithm as follows:

Algorithm 1 (Randomized) Coordinate Descent
1: fork=1,2,... do
2:  Randomly pick a coordinate i) € [d].
3 Xpgalin] = Xplin] — 0V f (xk) [in]-
4: end for

Remark: Observe that only the ii-th element is updated at each timestep.

1.2 Advantags of Coordinate Descent (CD)

The examples below demonstrate the advantages of the introduced Coordinate De-
scent algorithm in comparison to the earlier discussed Gradient Descent.
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Case I: Let f(z) = log (1 + exp (—szx)>. Then, the gradient of f can be computed
as

exp (—szx)
1+ exp (—yz"z)

Vi) = (~y2) € R

Thus, the number of computations/flops for the GD algorithm are

#computations/flops = d, + .1 + 1 + 1 + _d = 2d + 3.

dot product  addition  multiplication  division  dot product

In computing, when we are concerned with the number of floating point operations
computed per second, we use the short hand measure of flops. Although the true
computation cycles needed for addition and multiplication are very different, we are
omitting these details in our analysis.

Additionally, the i-th coordinate of the gradient is

exp (—yz'z)
1+ exp (—yz'z)

V5G], = (—y2li) e R

Thus, the number of computations/flops for the CD algorithm are

#computations/flops = d, + 1 + 1 + 1 + 1 =d+4

dot product  addition  multiplication  division addition
Therefore, we can conclude that

Cost of CD N 1

Cost of GD 2

which is not a significant speedup.
Case IL: Let f(x) = j2" Az — b'a, where A € R™4. The gradient of f can be
computed as

Vf(x)=Ax —b.
Thus, the number of computations/flops for the GD algorithm are
#computations/ flops = d* + d.

Additionally, the i-th coordinate of the gradient is

[Vf(x)} Az — b, ZAU% +b;.



Thus, the number of computations/flops for the CD algorithm are
#computations/ flops = d + 1.

In this case, we can conclude that

Cost of CD B 1
Cost of GD d’

Remark. The extent of superiority of CD over GD varies with the objective function.

1.3 Coordinate-wise Smooth
Definition 2. We say a function f(-) : R — R is coordinate-wise smooth if for all
i € [d] and x € RY, the function

Gix(v) = f(r+ve;) : R — R, e; is the standard basis

satisfies
L;
9ix(v) < 912(0) + Vgia(Ov + Z-07,
for any v € R and a finite constant L; > 0.

Remark. Observe that

Vgiu(v) = (Vf(z +ve;),e) = [Vf(z+ ve;)]
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and if f is twice continuously differentiable, then

V20i.(v) = (Vf (z + ve;) e, €;) = [sz (x + vei)}

Recall the Fundamental Theorem of Calculus:

Theorem 1 (Fundamental Theorem of Calculus). Let h : R — R be a continuously
differentiable function. Then,

Remark. An equivalent definition of coordinate-wise smoothness when the function
f(+) is convex is

IVgiz(v) — Vg (0)| < L; |v| ,Vi € [d],Vx € R?,



that is the gradient is Lipschitz. Furthermore, if the function f(-) is twice continuously
differentiable and we have

[V*f (z +ae))],. < L; Vi€ [d,Vz € R Va € [0,] (1)

i?

then, by the Fundamental Theorem of Calculus

V01 (0) — Vi (0)] = / V2g,.,(a)da < Lill, (2)
0

/o [V2f(z+ aei)}m dov

Vi € [d],Vz € R%.
Hence, we can relate the smoothness constant of f(-) and the coordinate-wise
smoothness of L; as follows:

d

L= Aoz (V21 (2)) < tr (V[ (2)) <D Li (3)

i=1

1.4 TIteration Complexity of Randomized Coordinate Descent

Theorem 2. Suppose f(-) : RY — R be u-strongly convex and satisfies coordinate-
wise smooth with the constant L; for each i € [d]. Denote S := ), L;. Pick i, =i

with Prliy = 1] = Zf—lLJ = L. Then,

E{f(wxea)] = fo < (1 - g)K (fan) = fo):

Remark. Using the above theorem, we can see that in order to get an e-expected
optimality gap for a u-strongly convex and coordinate-wise smooth function f using
the CD algorithm, the number of iterations K should be

Kzglog(M).

€

We have proven previously that in order to get an e optimality gap for for a p-strongly
convex and L-smooth function f using the GD algorithm, the number of iterations

K should be
K= Llog (M) _
1 €

Question. How can we compare S = ). L; and L?
From the coordinate-wise smoothness (0) and (2), we can estimate L; as

L~ [V*f ()] ..
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Then,

[V2f (x)}“ =tr (V’f(z)).

d
—1

d
=3 n
i=1
Additionally, by L-smoothness we know that
L =Mz (sz (:L')) .

(2

Thus,
S (sz (m))

L Aar (V2 (2))

This is roughly the ratio between the runtime of gradient descent and coordinate

descent, since

S

# iterations of CD O(; log(

4 iterations of GD O(% log(

) S (Vi (2)

) L Aae (V2f ()

If we take the cost per iteration for both algorithms into account we have

Ao =

CD running time  # iterations of CD 5 cost per kof CD _ tr (V2f () y cost per k of CD
GD running time  # iterations of GD ~ cost per k of GD Amag (VQf (x)) cost per k of GD’

Remark. Observe that when the spectrum (distribution of eigenvalues) of the Hes-
sian is skewed so that tr(VZf(z)) is not very much larger than Ap..(V2f(x)), then
CD might have an advanatage over GD.

1.5 Progress of a coordinate descent step

Lemma 1. If we set n, = L%, then
*k

f(xr) < fla) — (Vf () [ix])?.

2L;,
Proof. Recall that we have

Gix(v) = fr+ve) :R—R,

and .
Giz(v) < i2(0) + Vgi(0)v + ?ZUZ’
where
Viia(0) = (V[ (2 +ve),e) = [Vf(z+wve)],.
Let



o v —neVf(zk)lix] and g = i
o I 4 x.
o 14 1.
Since
T + ve; = T

Then, we have

Girar MV (@r)[ix]) < Gig, (0)
N J/ W—/

—F(@rs1) —f(z) =Vl
= (ox) — 7 (V)] +
= flew) = 57 (V f(ap)lir])*.

— eV f(zi)[ir]e

i = Tk+1

V0 O) 1Y F) ] + 2 (Y ()i])” (4)
————

V) 6
)
[

1.6 Progress at iteration k in expectation

Lemma 2. Suppose f satisfies the conditions of Theorem 2. At iteration k, randomly

pick iy, € [d] with probability Prliy, = i] = p;. Then,
d
By [f ()] < fon) = D 57 (VS ()]
Proof. By Lemma 1, we have
Floian) < Flox) = 5 (V@) [)?

Then the expectation of the f(zgy1) is

E (

iUk+1

d
Pi
-2,

=1 v

Vf l’k

P (9 )l )

, by Lemma 1



1.7 Proof for Theorem (2)

Recall Theorem 2: Suppose f(-) : R4 — R be u-strongly convex and satisfies coordinate-
wise smooth with the constant L; for each i € [d]. Denote S := ). L;. Pick i), =i

with Prliy = 1] = ZJZ = L Then,

d
By (@] < flo) =3 o (VFli)?
d
L;
— f(an) - % S (VI@l? s since pi=
= f(xp) — L ||Vf(xk)||2 , by 2-norm definition
< flzy) — % (f(xk) — f*) , by p-gradient dominance

By subtracting f. on both sides, we get
Ei [f (xri)] = fu < flaw) — 5 (f(mk f*) — [

B [~ £] < 1 —g) () - 1.).

Denote 041 := f(xgs+1) — f«. Then, we have

EiyooinlOks1] = Eiy iy [Ezk [Okt1lit - ,ik_l]} , by the law of total expectation
<Ei i, (1 — %) 5k] , by previously shown inequality

Ei\ iy [0k] , since zy, is determined by iq,...,i5_1

01 , since ¢ is deterministic

E

N—— N N
B

~
—
=
[
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2 Stochastic Optimization

2.1 Algorithm

Now we will look at Stochastic Gradient Descent (SGD). Our objective is to

min F'(z)

T

where F(z) :=E,[f(z; 2)].

Algorithm 2 Stochastic Gradient Descent
: for k=1,2,... do

1
2:  Compute a stochastic gradient g that satisfies E,[gr] = VF (zy)
3 Tkl = Tk — NGk-

4: end for

Remark. Randomized Coordinate Descent is a particular instance of SGD. Recall
the update step of Randomized Coordinate Descent

Trqa[in] = wxlin] — eV f (2x) [ir]-
The update step can be written equivalently as
Ty1 = T — MKV [f (M:)Lk €y, -
Then, we can observe that
g =V [f (xk:)]ik €,

Note that
Elg:] = E [V [f (%)Lk eik} = Zpiv {f (%)Lez’ = évf(xk) S Rd,

so up to a scaling d (which can be absorbed in the step size 1), it can be viewed as
an unbiased estimate of the full gradient V f(zy).
Remark. A stochastic gradient g, for a function F' at point x}, is the gradient, whose
expectation is the full gradient, E,[gx] = VF ().

One way to interpret F'(x) is to think in terms of a linear regression model. For
example, in the case of linear regression, the model’s loss function, f is in the term

(y—z"z)?
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where (y, z) is a particular labeled instance in the training set. What we ultimately
want to minimize if the following:

minE, [(y — zTa:)Q]
which is the same as
minE, [(f(x;z)]

This is saying that we want to minimize the expected loss of our model when sampling
z from an underlying distribution. In practice, we do not have access to the distribu-
tion of z, namely the distribution of labeled data, instead only a sampled subset. We
can in turn treat the sampled set(training set) as the distribution and minimize the
empirical loss, which is defined as:

1
min — Z(yZ — 2zl x)?

T n
i=1

This finite-sum problem is refererd to as empirical risk minimization in machine learn-
ing literature.

Bibliographic notes

Part of the materials in this lecture is based on Section 6.3 of [i].
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