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Lecture 17: Acceleration via Chebyshev Polynomial

1 Solving strongly convex quadratic problems
Recall that we have proven in HW1 that the ridge linear regression problem

min
x∈Rd

n∑
i=1

1

2
(yi − x⊤zi)

2 +
γ

2
∥x∥22, where γ > 0.

is equivalent to
min
x∈Rd

1

2
x⊤Ax− b⊤x

where A := γId +
∑n

i=1 ziz
⊤
i , A ≻ 0.

1.1 Constant step size gradient descent
When we use gradient descent with constant step size η, let x∗ = argmin f(x), then
by optimality condition we have ∇f(x∗) = 0 =⇒ Ax∗ − b = 0, thus the update can
be written as

xk+1 = xk − η∇f(xk)

= xk − η(Axk − b)

= xk − η(Axk − Ax∗ + Ax∗ − b)

= xk − ηA(xk − x∗)

and we can form a k-degree polynomial of A

xk+1 − x∗ = (Id − ηA)(xk − x∗)

= (Id − ηA)k︸ ︷︷ ︸
k-degree polynomial of A

(x1 − x∗), recursively apply the update step

Before we can analyze the update step, we need some definitions of spectral norm.

Definition 1 (Spectral Norm ∥ · ∥2). Given a matrix B ∈ Rm×n,

• ∥B∥2 := σmax(B) is the largest singular value of B.

• ∥B∥2 = maxx:∥x∥2=1 ∥Bx∥2.
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Using the fact that ∥B∥2 =
√

λmax(B⊤B), we have when matrix B ∈ Rd×d is sym-
metric and diagonalizable, i.e. B = UΛU⊤, where U is orthogonal U⊤ = U−1 and Λ

is diagonal, by the fact

∥B∥2 =
√
λmax(B⊤B) =

√
λmax(UΛU⊤)⊤(UΛU⊤)

=
√

λmax(UΛU⊤)⊤(UΛU⊤)

=
√

λmax(UΛ2U⊤)

∥B∥2 = max(|λmax(B)|, |λmin(B)|)

By the definition of Spectral norm and the update equation, we have

∥xk+1 − x∗∥2 = ∥(I − ηA)(xk − x∗)∥2
≤ ∥I − ηA∥2∥xk − x∗∥2

As A is definite and symmetric, i.e. A ≻ 0, A⊤ = A, the eigen-decomposition
A = UΛU−1 = UΛU⊤. It follows that

∥I − ηA∥2 = ∥I − ηUΛU⊤∥2
= ∥UU⊤ − ηUΛU⊤∥2
= ∥U(I − ηΛ)U⊤∥2
= maxi∈[d]|I − ηλi|

Let µ = λmin(A), L = λmax(A), we want to tune the learning rate η such that

min
η

max
i∈[d]

|I − ηλi| ≤ min
η

max
λ∈[µ,L]

|I − ηλ|

The above inequality is true due to the right hand side having more degree of freedom
when optimizing.

From the perspective of η, for fixed η > 0, |1− ηλ| =

ηλ− 1 λ > 1
η
,

1− ηλ λ < 1
η
.

max
λ∈[µ,L]

|1− ηλ| = max(ηL− 1, 1− ηµ)

min
η

max
i∈[d]

|I − ηλi| ≤ min
η

max
λ∈[µ,L]

|I − ηλ|

= min
η

max(ηL− 1, 1− ηµ)

From the perspective of η, the optimal η is achieved when

ηL− 1 = 1− ηµ
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η =
2

L+ µ

∥xk+1 − x∗∥2 ≤ max
i∈[d]

|1− ηλi|∥xk − x∗∥2

≤ max
λ∈[µ,L]

|1− ηλ|∥xk − x∗∥2

≤ max
λ∈[µ,L]

∣∣∣∣1− 2λ

L+ µ

∣∣∣∣ ∥xk − x∗∥2

=

(
1− 2µ

L+ µ

)
∥xk − x∗∥2, optimal occurs at either λ = µ|L

=

(
1− 2µ

L+ µ

)k

∥x1 − x∗∥2

=

(
1− 2

1 + κ

)k

∥x1 − x∗∥2

where κ := L
µ

is the condition number.

1.2 General Gradient-based Methods
Now we consider a more general first order algorithm in the form

xk+1 = x1 + span{∇f(x1),∇f(x2), ...,∇f(xk)} (1)

we have the following Lemma.

Lemma 1. Consider solving

min
x

1

2
x⊤Ax− b⊤x

Algorithms in the form of (1) have the following dynamics:

xk+1 − x∗ = Pk(A)(x1 − x∗),

where Pk(A) is a k-degree polynomial of A and P0(A) = 1.

Proof. We use induction to prove the lemma. Consider base case:

x1 − x∗ = 1(x1 − x∗)

= P0(A)(x1 − x∗)
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Suppose at k

xk − x∗ = Pk−1(A)(x1 − x∗)

Consider k+1

xk+1 − x∗ = x1 − x∗ + span{∇f(x1),∇f(x2), ...,∇f(xk)}

= x1 − x∗ +
k∑

j=1

αj∇f(xj)

= x1 − x∗ +
k∑

j=1

αj(Axj − Ax∗)

= x1 − x∗ +
k∑

j=1

αjAPj−1(A)(x1 − x∗)

= (Id +
k∑

j=1

αjAPj−1(A))(x1 − x∗)

= Pk(A)(x1 − x∗)

where {αj} are some coefficients.

Following Lemma 1, we have

∥xK+1 − x∗∥2 ≤ ∥PK(A)∥2∥x1 − x∗∥2

Our goal is to find the best k-degree polynomial that minimizes PK(A) for the
worst case A,

P ∗
K = argmin

P∈Pk;P0(·)=1

max
A∈M

∥PK(A)∥2

where the set M := {A ≻ 0 : λmin(A) = µ, λmax(A) = L}. The solution is a “scaled-
and-shifted” Chebyshev Polynomial.

2 Chebyshev Polynomial and the Chebyshev method
Definition 2 (K-degree Chebyshev Polynomial of the first kind). We denote ΦK(·) the degree-K
hebyshev polynomial of the first kind, which is defined by:

ΦK(x) =


cos(K arccos(x)) if x ∈ [−1, 1],

cosh(Karccosh(x)) if x > 1,

(−1)K cosh(Karccosh(x)) if x < 1.
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Equivalent definition is the following

Φ0(x) = 1,

Φ1(x) = x,

Φk(x) = 2xΦk−1(x)− Φk−2(x), for k ≥ 2

Consider a scaled-and-shifted K-degree Chebyshev polynomial,

Definition 3 (Scaled-and-shifted Chebyshev Polynomial).

Φ̄K(λ) :=
ΦK(h(λ))

ΦK(h(0))

where h(·) is the mapping h(λ) := L+µ−2λ
L−µ

.

Remark. Observe that the mapping h(·) maps all λ ∈ [µ, L] into the interval [−1, 1].

Lemma 2. For any positive integer K, we have

max
λ∈[µ,L]

∣∣Φ̄K(λ)
∣∣ ≤ 2

(
1− 2√

κ+ 1

)K

.

Remark. Condition number κ := L
µ
≥ 1 ⇒ 1− 2√

κ+1
≤ 1

Proof. Observe that the numerator of Φ̄K(λ) =
ΦK(h(λ))
ΦK(h(0))

satisfies |ΦK(h(λ))| ≤ 1, since
h(λ) ∈ [−1, 1] for λ ∈ [µ, L] and that the Chebyshev polynomial satisfies |ΦK(·)| ≤ 1

when its argument is in [−1, 1] by the definition. It remains to bound the denominator,

which is ΦK(h(0)) = cosh

(
K arccosh

(
L+µ
L−µ

))
. Since

arccosh
(

L+µ
L−µ

)
= log

(
L+µ
L−µ

+

√(
L+µ
L−µ

)2
− 1

)
= log(θ), where θ :=

√
L+

√
µ√

L−√
µ
,

we have

ΦK(h(0)) = cosh

(
K arccosh

(
L+µ
L−µ

))
= exp(K log(θ))+exp(−K log(θ))

2
= θK+θ−K

2
≥ θK

2
.

Combing the above inequalities, we obtain the desired result:

max
λ∈[µ,L]

∣∣Φ̄K(λ)
∣∣ = max

λ∈[µ,L]

∣∣∣∣ΦK(h(λ))

ΦK(h(0))

∣∣∣∣ ≤ 2

θK
= 2

(
1− 2

√
µ

√
L+

√
µ

)K

= O


1−Θ

(√
µ

L

)K
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Recall the convergence analysis for the following algorithms.
Gradient Descent

∥xK+1 − x∗∥2 ≤
(
1− 2

κ+ 1

)K

∥x1 − x∗∥2.

Chebyshev method

∥xK+1 − x∗∥2 ≤ min
P∈PK ;P0(·)=1

max
A∈M

∥PK(A)∥2∥x1 − x∗∥2

≤ 2

(
1− 2√

κ+ 1

)K

∥x1 − x∗∥2.

where the set M := {A ≻ 0 : λmin(A) = µ, λmax(A) = L }
From the above inequalities, we know that the convergence rate of Chebyshev method
is faster than Gradient Descent. Exactly how much faster depends on the size of the
condition number.

Q: What is the optimal algorithm implied by the scaled-and-shifted K-degree Cheby-
shev polynomial?
Consider a scaled-and-shifted K-degree Chebyshev Polynomial

Φ̄K(λ) :=
ΦK(h(λ))

ΦK(h(0))
, (1)

where h(·) is the mapping h(λ) := L+µ−2λ
L−µ

.

Φ̄0(λ) =
Φ0(h(λ))

Φ0(h(0))
= 1.

Since (x1 − x∗) = Φ0(h(λ))(x1 − x∗), we can pick any x1 ∈ Rd.
From above, we have

Φ0(x) = 1, (2)
Φ1(x) = x, (3)
Φk(x) = 2xΦk−1(x)− Φk−2(x), for k ≥ 2 (4)

By (1) and (3), we get

Φ̄1(λ) =
Φ1(h(λ))

Φ0(h(0))
=

h(λ)

h(0)
=

L+ µ− 2λ

L+ µ
= 1− 2λ

L+ µ
.

From above, we get
x2 = x1 −

2

L+ µ
∇f(x1),
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and we know that

x2 − x∗ =

(
1− 2A

L+ µ

)
(x1 − x∗)

For k ≥ 2, we have

Φ̄k(λ) =
2θk

L− µ
(L+ µ− 2λ)Φ̄k−1(λ) +

(
1− 2θk(L+ µ)

L− µ

)
Φ̄k−2(λ),

where θk =
1

2L+µ
L−µ

−θk−1
and θ1 =

L−µ
L+µ

.
Now we are ready to derive the update of the Chebyshev method when K > 2:

xK+1 − x∗ = Φ̄K(A)(x1 − x∗)

=
2θK
L− µ

((L+ µ)Id − 2A)Φ̄K−1(A)(x1 − x∗) +

(
1− 2θK(L+ µ)

L− µ

)
Φ̄K−2(A)(x1 − x∗)

=
2θK
L− µ

((L+ µ)Id − 2A)(xK − x∗) +

(
1− 2θK(L+ µ)

L− µ

)
(xK−1 − x∗)

= βK(xK − x∗)−
4θK
L− µ

∇f(xK) + (1− βK) (xK−1 − x∗)

From the above, we can conclude that when k > 2, the update is

xK+1 = xK − 4θK
L− µ

∇f(xK) + βK(xK − xK−1),

where the momentum βK(xK − xK−1) is the weighted sum of previous gradients.

3 Gradient Descent with the Chebyshev step size
Gradient Descent with a constant step size has the following dynamic:

xk+1 − x∗ = (Id − ηA)(Id − ηA) . . . (Id − ηA)(x1 − x∗).

Gradient Descent

∥xK+1 − x∗∥2 ≤
(
1− 2

κ+ 1

)K

∥x1 − x∗∥2.
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Q: What if we specify a scheme of non-constant step size in GD?

xk+1 = xk − ηk∇f(xk)

= xk − ηk(Axk − Ax∗)

⇒ xk+1 − x∗ = (Id − ηkA)(xk − x∗)

⇒ xk+1 − x∗ = (Id − ηkA)(Id − ηk−1A)(xk−1 − x∗)

= · · ·

The dynamic becomes

xk+1 − x∗ = (Id − ηkA)(Id − ηk−1A) . . . (Id − η1A)(x1 − x∗).

Hence

∥xK+1 − x∗∥2 ≤ max
i∈[d]

∣∣∣ΠK
k=1(1− ηkλi)

∣∣∣ ∥x1 − x∗∥2

We are going to use the following result:
(Chebyshev roots)

r
(K)
k :=

L+ µ

2
− L− µ

2
cos

(
(k − 1

2
)π

K

)
.

Equivalent form of Φ̄K(λ)

Φ̄K(λ) = ΠK
k=1

(
1− λ

r
(K)
k

)
.

Notice that if we set ηk =
1

r
(K)
k

, then we have min ηk ≈ 1
L

and max ηk ≈ 1
µ
.

Accelerating GD by the Chebyshev step size
Recall

∥xK+1 − x∗∥2 ≤ max
i∈[d]

∣∣∣ΠK
k=1(1− ηkλi)

∣∣∣∥x1 − x∗∥2.
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Denote σ(k) the kth element of the array [1, 2, . . . , K] after an arbitrary permuta-
tion σ. Set ηk =

1

r
(K)
σ(k)

. Then, we have

∥xK+1 − x∗∥2 ≤ max
i∈[d]

∣∣∣ΠK
k=1(1− ηkλi)

∣∣∣∥x1 − x∗∥2

≤ min
λ∈[µ,L]

|Φ̄K(λ)|∥x1 − x∗∥2

≤ 2

(
1− 2√

κ+ 1

)K

∥x1 − x∗∥2.

4 Going beyond quadratic?
(Negative result) Gradient descent with Chebyshev step size fails to converge [1]

f(x) = log cosh(x) + 0.01x2

(Positive result) Gradient descent with a scheme of non-constant step size converges
at a rate [2]

∥xk+1 − x∗∥2 ≤

(
1−Θ

(
1

κ0.7864

))k

∥x1 − x∗∥2.

Please refer to the reference for more.

5 Bibliographic notes
More materials about acceleration methods can be found in [1], [2], [3], and [4]
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