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Lecture 12: Mirror Descent

1 Mirror Descent

1.1 Algorithm

Many results in optimization are relatively new. Mirror Descent method is one of
them which was introduced by Arkadi Nemirovsky in 1983.

We are already familiar with the Projected Gradient Descent (PGD) method for
solving a constrained optimization problem min,cc f(x):

Algorithm 1 Projected Gradient Descent
1: for k=1,2,... do
2: T4 = Projq [:ck — T]ka(xk)}.
3: end for

which was shown to be equivalent to the following in the first homework:

Algorithm 2 Projected Gradient Descent
1: for k=1,2,... do
20w = argmingeco(Vf(zk), v — zp) + o v — 2l3.
3: end for

This formulation motivates considering other notions of distance instead of the
L.

Definition 1. Let ¢(-) : C' — R be a convex and differentiable function. The Bregman
divergence induced by ¢(-) is defiend as:

D(y) = ¢ly) — ¢(z) — (Vo(z),y — )

The function ¢ is called the distance generating function. If instead of L? distance,
we use Bregman Divergence, which in fact is not a distance because it is asymmetric,
we get another variant of the optimization method called Mirror Descent:



Figure 1: Bregman Divergence between two points z and y with respect to a convex
function ¢.

Algorithm 3 Mirror Descent
1: for k=1,2,... do
2w = argmingec(V f(zr), v — ) + %ka (z).

3: end for
Remark: You can recover Projected Gradient Descent by letting ¢(-) = 1]| - |13 to
get:
2 2 2
y T y |
DE) = 6(y) — o(x) — (Vola).y ) = 12 Ty W2l

which means that PGD is an instance of Mirror Descent.

Example: Suppose C := {z € R?: Zle x; = 1,z; > 0} is the probability simplex.
If we define ¢(z) = Z?Zl x; log x; to be negative entropy, then we get KullbackLeibler
(KL) divergence as D (x):

D(y) = ¢(y) — ¢(x) — (Vo(a),y — )
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Then the optimization problem for the update at each step becomes:
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d
Tpp1 = arg m1n<Vf(xk) T —xg) + — ; le log

=1

xkz

which has a closed-form solution and we can find it using what we have learned about
duality theory and the optimality conditions. We first construct the Lagrangian
function in terms of the primal variable x and dual variables A and pu:

Z)\xz—l—,u sz—l

Lz, M p) = (V (), x — zp) + — ; le log —

X
=1 ki

The stationarity condition then implies:

VoLl(z, A\ ) =0=Vi: [VoL(z, A\ p)], = [Vf(x)], + log + % —XNi+pu=0

Lk,

= T; = T, €XP <—'r] [Vf(ack)]2 +n(A\ —p) — 1)

Assuming z; # 0, complementary slackness (A;z; = 0) implies A; = 0 and therefore:
Ti = Ty €XP (‘77 [Vf(xk)L — Ny = 1) (1)
By the primal feasibility (3¢, z; = 1) we have:

Y iy Thi€XP ( [Vf(xk)L>
exp (nu + 1)

le =1 (2)
log Zxklexp< [V f(zn)] ) -1 (3)

By (1) and (3) we get that the solution to the following optimization problem for the
update:

d
z = ar man Tr), x — xTp) + — z; lo
k+1 g < f( k) k ; g Tha
is given by:
T, €XP <—77 [Vf@kﬂl)
Ti = Ty, = , Vi€ [d]

Zf:j Tk j €xp (—77 [Vf(ffk;)]j>



1.2 An alternative view of Mirror Descent

We have seen that the update of Mirror Descent is:
+1 = in(V f(zr), v — xx) _1 [ H2
x argmin(V f(xg), r — xx) + T—x
E+1 g oy k) k 2 kll2

Equivalently, one can express the update step of Mirror Descent as:

Vo(yria) = Vo(xr) —nV f(a) (4)
Tyl = Iggg Dz’kﬂ(x). (5)

Recall the following theorem from the Fenchel Conjugate:

Theorem 1. If ¢(-) : RY — R is closed and convez, then
y=Vo(x) < x=Vo(y)
Observe that we can rewrite:

y = Vo) = V6 (Vo (1)),
T =V (y) = Vo " (Vo(a)) .

Hence, we may write the step:
Vo(yrt1) = Vo(zr) —nV f(x4)
as:

Yri1 = Vo (Vo(zp) —nV f(xr)) .

Remark: When ¢(z) = Ele x; log x; is negative entropy,

o+ ¢(x) is defined only the probabiltiy simplex C' := {z € R? : Zle x; = 1,2, >

0}.
o ¢*(x) =log <Z?:1 exp(wi))
o Vo*(Vo(x)) =z for any z € C.

e Vo(Vo*(y)) = y up to an additive translation of 1,.



A proof of the equivalency of the Mirror Descent update steps is stated below:
Proof.

_ in(Vv 1D¢

Tpy1 = arg I;gg< f(xk:)u T — 'Tk> + 5 Tr (‘%)

= arg glelg NV f (k) x4 ¢(x) — p(ar) — (Vo(ar), © — )

= arg glelél () — (Vo(op) — nV f(zp)

= argmin ¢(z) — (Vo (yi1)) '@

= argmin §(a) = (Yr+1) = (VO(Ykr1), & = Yirn)

— ; ¢
= argmin Dy . (z)

1.3 Geometric Picture

The update steps of Mirror Descent:
Mirror Descent

Yrt1 = VO~ (V¢($k) - nvf(%))

— i o
Zj1 = in Dy ().

can be visualized geometrically as in Figure B.

o Vd(xy)
gradient step \

Rd

projection
Yt+1

Figure 2: Geometric picture of Mirror Descent.

1.4 Non-differentiable case

Now, assume that f(x) is convex but not necessarily differentiable. Let g € 0f(zg)
be the subgradient of f(-) at xj. Then, the algorithm can be rewritten as:



. for k=1,2,... do

2: Xyl — arg minxec<gk, Tr — 33k> + %ka(ﬂj)

3. end for
_ Yi K
s Output: 7 1= ===,
Recall the definition of the dual norm. Given a norm || - ||, the dual norm || - ||, is
defined as
Iyl == sup z'y.
willzll=1

Additionally, recall the definition of the /,-norm, for any p > 1:

1
d /p

el = | Doty

The dual norm is related to the [,-norm by the following theorem:

Theorem 2. If p,q € [1,00] and Ilj + % =1, then || - ||, and || - ||, are dual with each
other.

Example. || - || and || - ||; are dual to each other.
Now, we can introduce the following theorem, which we will use later:

Theorem 3. Choose a generating function ¢(x) that is 1-strongly convex w.r.t. ||-|.
Then, Mirror Descent has

Mw

flag) = fla) < m (. +Z—||gk||2
k=1

1.5 Mirror Descent v.s. Projected Gradient Descent

Consider the following convex constrained optimization problem:

min f(z),

zeC

where C is a simplex, with Ay := {z € R?: ZZ Lxli] = 1,z[i] > 0,Vi}. If we let K
be the number of iterations, then:



Projected Gradient Descent | € = O ( i)

Mirror Descent e=0 (\ / %)

Observe that the negative entropy ¢(x) = Z?Zl x;logx; is 1-strongly convex with

respect to || - ||;. Hence, from Theorem 3 we have that

K
D flaw) = fla) < m (. +Z—||gk||2-
k=1

Let T, = éld Then

d 1
= g Tiilog X, ; + g T, log
— — X1
\Z—l =1

' g

<0 :Zle x4 i logd

< logd.

Now, suppose that ||gx||% < 1. Then,

]~

flaw) — Flz) < %m 1)+ Z 7 gull2

k=1

1
< —logd+—K
i 2

:O<\/m1> , for n = lofg{d'

K
Additionally, for 7 := #, when f(-) is convex, using Jensen’s inequality we can

write:

_ log d
f(iv)—f(fﬂ*)=0< 7 )



Now let us look at the Projected Gradient Descent:

K
D flaw) = fla) < D¢ (. +Z—Hgk\l2
k=1

_ L/l 2 Ui 2
=2 (3l = o.12) +; ! g

1
<-D+TKVd
n 2
~0 (\/dKD) for = 1/ 2
) K’

where D is the bound of the inital distance. The second inequality follows from the
fact that for any vector z € R,

l2llse < ll2ll2 < Vdlz]lcc.

K
Additionally, for z := @, when f(-) is convex, using Jensen’s inequality we

can write:

_ d
f(x)—f(fv*)=0< E)‘

1.6 Proof of Theorem 3

We will now present the proof of Theorem 3.

Proof. We have that

f(@e) = f(z) < (g, xx — @) , by convexity of f(-)

= <gk7$k+1 - 96*> + <gk, Ty — l’k+1>-

Since
+1 = I ( > _1 ¢( )
rg min +-D
Thi1 agmec iy T " 2, (T),

by the optimality condition,

<gk + —(Vo(xps1) — Vo(zy)), v — $k+1> >0, Ve e (.



In particular, this inequality holds for x = z, € C. Thus, we have
f(@) = f(xe) < (Ghs Ty1 — ) + (Ghs Tk — Ths1)
1
< 5 <V¢($k+1) — Vo(rg), zs — $k+1> + {Grs Th — Tpg1)-

We will use the three point inequality, which states that:
For any xp, 1,2,z € C,

(Vo(xr11) = Vo(ar), 2 — zp11) = Dy, (2.) — D3, | (x.) = D3, (2x11)-

Th+1

Therefore,

We will now use the following fact:
Fact: (u,v) < 2ull* + 5.][v]12, by Fenchel-Young inequality

Thus,

1
(G 2k — Ths1) < 2lgl2 + 77||l‘k—$k+1||2-

-2

Hence, we have

1
flow) = fw) < o (DL (o) = D2y, () = DYy (one)
+ gl + 5 llow = el
2 0 2p
From 1-strong convexity of ¢(-) w.r.t. a norm || - ||, we have that

1
Dy (x) > gllew = T ||

& O(Thy1) — ¢(wr) — (Vo(ak), Tpa — 1) > % lzx — zrrall -
Thus,
1
Flow) = F) < o (D (o) = D)) + el

Summing over k =1 ., K, we get

2
Zf(l’k)—f(ﬂf*)é Dd) (. +Z—Hgk|!2 (6)



Bibliographic notes

For more details about mirror descent, see e.g., [{] and [2].
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